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NONEXTENSIVE STATISTICAL 
MECHANICS OF COMPLEX SYSTEMS   



J.W. GIBBS 
Elementary Principles in Statistical Mechanics - Developed with Especial 
Reference to the Rational Foundation of Thermodynamics 
C. Scribner’s Sons, New York, 1902; Yale University Press, New Haven, (1981), 
page 35 

In treating of the canonical distribution, we shall always suppose the 
multiple integral in equation (92) [the partition function, as we call it 
nowadays] to have a finite valued, as otherwise the coefficient of 
probability vanishes, and the law of distribution becomes illusory. This 
will exclude certain cases, but not such apparently, as will affect the 
value of our results with respect to their bearing on thermodynamics.  
It will exclude, for instance, cases in which the system or parts of it 
can be distributed in unlimited space […]. It also excludes many cases 
in which the energy can decrease without limit, as when the system 
contains material points which attract one another inversely as the 
squares of their distances. […]. For the purposes of a general 
discussion, it is sufficient to call attention to the assumption implicitly 
involved in the formula (92). 



Enrico FERMI              Thermodynamics (Dover, 1936)  
 
The entropy of a system composed of several parts is very 
often equal to the sum of the entropies of all the parts. This 
is true if the energy of the system is the sum of the energies 
of all the parts and if the work performed by the system 
during a transformation is equal to the sum of the amounts 
of work performed by all the parts. Notice that these 
conditions are not quite obvious and that in some cases 
they may not be fulfilled. Thus, for example, in the case of a 
system composed of two homogeneous substances, it will 
be possible to express the energy as the sum of the 
energies of the two substances only if we can neglect the 
surface energy of the two substances where they are in 
contact. The surface energy can generally be neglected 
only if the two substances are not very finely subdivided; 
otherwise, it can play a considerable role.  
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TYPICAL SIMPLE SYSTEMS:  
     Short-range space-time correlations 

     Markovian processes (short memory), Additive noise 

     Strong chaos (positive maximal Lyapunov exponent), Ergodic, Riemannian geometry 

     Short-range many-body interactions, weakly quantum-entangled subsystems 

     Linear/homogeneous Fokker-Planck equations, Gausssians 

                       à Boltzmann-Gibbs entropy (additive) 

           à Exponential dependences (Boltzmann-Gibbs weight, ...) 

TYPICAL COMPLEX SYSTEMS: 
     Long-range space-time correlations 

     Non-Markovian processes (long memory), Additive and multiplicative noises 

     Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry 

     Long-range many-body interactions, strongly quantum-entangled sybsystems 

     Nonlinear/inhomogeneous Fokker-Planck equations, q-Gaussians 

            à Entropy Sq (nonadditive) 

               à q-exponential dependences (asymptotic power-laws) 

e.g.,  ( )  ( 1)NW N µ µ∝ >

e.g.,  ( )  ( 0)W N N ρ ρ∝ >
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SPIN ½ XY FERROMAGNET WITH TRANSVERSE MAGNETIC FIELD: 

|γ |=1               →   Ising  ferromagnet
0 <  |γ |  <1    →   anisotropic XY  ferromagnet
γ = 0                →   isotropic XY  ferromagnet

λ ≡ transverse magnetic field
L ≡ length of  a block  within a  N →∞  chain

F. Caruso and C. T., Phys Rev E 78, 021101 (2008) 
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      SYSTEMS   ENTROPY SBG 

      (additive) 
ENTROPY Sq (q<1) 
    (nonadditive) 

Short-range 
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blocks, etc 

 
    EXTENSIVE 
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Long-range 
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quarks-gluons, plasma, curved space ...?  
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                                                                                      1202.2154 [cond-mat.stat-mech]



   

EXTENSIVITY OF THE ENTROPY  (N →∞)

If W (N )  µN   (µ >1) 
             ⇒  SBG (N ) = kB lnW (N ) ∝ N         

If W (N )  N ρ   (ρ > 0) 
             ⇒  Sq (N ) = kB lnq W (N ) ∝ [W (N )]1−q ∝ N ρ (1−q)
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King Thutmosis I 
18th Dynasty 
circa 1500 BC 



Continental Airlines 



D. Prato and C. T., Phys Rev E 60, 2398 (1999) 
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LOGISTIC MAP AT THE EDGE OF CHAOS: 
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G. Ruiz, T. Bountis and C. T.                        
Int J Bifurcat Chaos (2012), in press 



G. Ruiz, T. Bountis and C. T. 
Int J Bifurcat Chaos (2012), in press 



G. Ruiz, T. Bountis and C. T. 
Int J Bifurcat Chaos (2012), in press 



We consider a linear chain of N coupled maps 
with periodic boundary conditions in a noisy 
environment:  

with                      
 
and 

CORRELATIONS IN COUPLED LOGISTIC MAPS AT THE���
EDGE OF CHAOS IN THE PRESENCE OF GLOBAL NOISE	


additive 
noise coupling strength 

A. Pluchino, A. Rapisarda and C. T.  (2012), 1206.2152 [cond-mat.stat-mech] 
 

time returns 

edge of chaos: 

global parameter 

� 

Δdt =  dt+τ − dt

� 

xt+1
i = (1− ε) f (xt

i) +
ε
2
[ f (xt

i−1) + f (xt
i+1)] + σ t

� 

σ t ∈[0,σ max ]

� 

ε ∈[0,1]

f (xt
i ) = 1− µ(xt

i )2    µ ∈[0,2] i-th logistic map (i = 1...N) 

 [zero noise:  N.B. Ouchi and K. Kaneko, Chaos 10, 359 (2000)] 

Intermittency in the normalized 
returns time-series  

� 

time  t
� 

Δdt
stdev

� 

N = 100  −  ε = 0.8  −  σ = 0.002



N = 100;  ε = 0.8;  σ max = 0.002;   τ = 32

Chaotic Regime: 

� 

Δdt
stdev

� 

Δdt
stdev

Edge of chaos: 

q=1.54 
β=1.47 

q=1 

A. Pluchino, A. Rapisarda and C. T.  (2012), 1206.2152 [cond-mat.stat-mech] 
 





M. Leo, R.A. Leo and P. Tempesta, J Stat Mech P04021 (2010) 



q=1.463 

M. Leo, R.A. Leo and P. Tempesta, J Stat Mech P04021 (2010) 





M. Leo, R.A. Leo, P. Tempesta and C. T. 
Phys Rev E  85, 031149 (2012) 



Hydra viridissima: 
A Upadhyaya, J-P Rieu, JA Glazier and Y Sawada,  Physica A 293, 549 (2001) 

q=1.5 

1 mm 



slope 1.24 0.1
hence the prediction 

2   is verified
3 q

γ

γ

= ±

=
−

A Upadhyaya, J-P Rieu, JA Glazier and Y Sawada,  Physica A 293, 549 (2001) 

slope = 1 









2   r tα< > ∝



B. Liu and J. Goree, Phys Rev Lett 100, 055003 (2008) 



LASER COOLING: 





Prediction of the q - triplet:   C. T., Physica A 340,1 (2004) 







L.F. Burlaga and A. F.-Vinas (2005) / NASA Goddard Space Flight Center; Physica A 356, 375 (2005) 

[Data: Voyager 1 spacecraft (1989 and 2002); 40 and 85 AU; daily averages] 

SOLAR WIND: Magnetic Field Strength 

0.6 0.2senq = − ±

3.8 0.3relq = ± 1.75 0.06statq = ±

qsens <1< qstat < qrel
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γ −=
−q=0.97 

q=0.92 

q=0.87 



Linear-Quadratic q=1 

q=0.75 

“This allows the use of this model in  
hypofractionation radiotherapy treatments  
where current models cannot be applied.”  
 



Limoges - France 











KURAMOTO MODEL:  (N nonlinearly coupled oscillators) 

G. Miritello, A. Pluchino and A. Rapisarda, Physica A 388, 4818 (2009) 

(N=20000; K=2.53) (N=20000; K=0.6) 





Andrade, Silva, Moreira, Nobre and Curado, Phys Rev Lett 105, 260601 (2010)  

q=0 
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EXTENSIVE 
SYSTEMS 

NONEXTENSIVE 
SYSTEMS 

dipole-dipole 

Newtonian gravitation 

  

V (r) ∼ − A
rα      (r →∞)        ( A > 0,   α ≥ 0)

                        integrable if       α / d >1       (short-ranged)
                non-integrable if  0 ≤α / d ≤1        (long-ranged)

      HMF                
(inertial XY model 

CLASSICAL LONG-RANGE-INTERACTING MANY-BODY HAMILTONIAN SYSTEMS 

-  modelXYα





L.J.L. Cirto, V.R.V. Assis and C. T. (2012),1206.6133 [cond-mat.stat-mech]  





LHC (Large Hadron Collider) 
CMS (Compact Muon Solenoid) detector  

~ 2500 scientists/engineers from 183 institutions of 38 countries 



q=1.15      
T=0.145 
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q − generalized Schroedinger equation
    (quantum non-relativistic spinless free particle)

    i
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Φ x

,t( )
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⎥ = − 1

2− q
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∇2

Φ x
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⎢
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⎥
⎥

2−q

    (q ∈R)

Its exact solution is given by

          Φ x

,t( ) =Φ0  eq

i p


 . x

−Et( )   =Φ0  eq

i k


 . x

−ωt( )    

 with               

E = p2

2m
  (Newtonian relation!)  

E = ω
p = k
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 ∀q         

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



   

q-generalized Klein-Gordon equation: 
           (quantum relativistic spinless free particle: e.g., mesons π )

∇2Φ x

,t( ) = 1

c2

∂2Φ x

,t( )

∂t2 + q
m2c2

2 Φ x

,t( ) Φ x
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  (q ∈R)

 Its exact solution is given by

           Φ x

,t( ) =Φ0  eq

i p


 . x

−Et( )   =Φ0  eq

i k


 . x

−ω  t( )    

 with

            E2 = p2c2 + m2c4       (∀q)      (Einstein relation!)

Particular case:     m = 0 ⇒  q-plane waves
  F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



   

q-generalized Dirac equation: 
  (quantum relativistic spin 1 2  matter and anti-matter free particles: 
                                                                  e.g., electron and positron)
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where aj{ }  are complex constants.

  
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



Its exact solution is given by
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    being the same  ∀q

hence
            E2 = p2c2 +m2c4    (q∈R)    (Einstein relation!)

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 
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